We consider the ESR of Co 2+ in different environments: in an regular octahedron (Co 2+ in a MgO crystal), in a deformed octahedron (Co 2+ in single crystals and powder samples of NH 4 NiPO 4 .6H 2 O) or in a trigonal bipyramid (Co 2+ in powders of Co 2 (OH)PO 4 and Co 2 (OH)AsO 4 ). We study the effect of the non-cubic crystal fields in the ESR of Co 2+ in the deformed octahedron, by employing the normal modes of this structure to simplify the systematic study of the effect of these fields. A similar study was done for the deformed trigonal bipiramid, and it was necessary to derive the normal modes of this complex that are relevant to our problem.
I. INTRODUCTION
In the study of solid state systems, it is sometimes interesting to focus on the local states of the ions placed at the different sites of the crystal, either because they can be considered as the building blocks of the system, like in the tight binding method, or else because one is interested in the properties of a particular ion immersed in the solid, like in the study of the Electron Spin Resonance (ESR), or of the Raman scattering of impurities. We shall consider in particular the case of a ion Co 2+ [3] ).
The Co 2+ in octahedral symmetry would be naively expected to suffer a static Jahn-Teller deformation, because the ground term 4 F has a rather large orbital degeneracy, but instead it retains its cubic symmetry [1] . We shall briefly discuss the origin of this effect, and point out how the Jahn-Teller crystal fields affect the properties of the system. In a different symmetry, we shall use the normal modes of the octahedron formed by the nearest neighbors of Co 2+ in NH 4 NiPO 4 .6H 2 O to study how the crystal fields affect the ESR of a single crystal of this compound. The Co 2+ in a trigonal bipyramid surroundings appear in Co 2 (OH)PO 4 and Co 2 (OH)AsO 4 , and we have developed a study of the effect of crystal fields on its ESR that is similar to the one we employed for the deformation of the octahedron in NH 4 NiPO 4 .6H 2 O.
II. THE Co 2+ IN A PERFECT OCTAHEDRAL SYMMETRY
In this section we shall consider a Co 2+ ion in a perfect octahedral symmetry, as found when it is a substitutional impurity in crystalline MgO. This crystal has the NaCl structure, and the Co impurity is coordinated by six O ions in a regular octahedra. From any displacement of the six O with respect to the vertices of this regular octahedron we can find [4, 5] the corresponding normal coordinates Q j of the seven ion complex, formed by the Co and the six nearest O, that are invariant against inversion. These are separated in the three sets {Q 1 }, {Q 2 , Q 3 } and {Q 4 , Q 5 , Q 6 }, and the corresponding Q j transform respectively like the basis of the irreducible representations A 1 , E and T 2 of the cubic group, as given in Table  II of reference 6. The 4 F ground state of isolated Co 2+ (3d 7 ) in a purely octahedral crystal field splits into two orbital triplets 4 T 1 , 4 T 2 and one orbital singlet 4 A 2 , and from Jahn-Teller's theorem [7, 8] one would expect that the normal coordinates Q j would take non-zero values to minimize the octahedron energy. This deformation does not occur, because the spin-orbit interaction stabilizes the average octahedral symmetry, by partially lifting the degeneracy of the 4 T 1 triplet into one Γ 6 , two Γ 8 and one Γ 7 subspaces, as shown in figure 1.
We are mainly interested in the ESR of Co 2+ , and the resonance for the lowest doublet (Γ 6 ) is isotropic with g=4.33 (cf. Sec. 7.14, p.447 in reference [9] ). The addition of lower symmetry crystal fields produce further splittings of the 4 T 1 triplet, giving six Kramer's doublets, and in most cases it is found that the trace of the g tensor is close to the cubic isotropic value [10] .
In the lowest order one obtains g from the matrix elements of the Zeeman term in the Γ 6 subspace of the 4 T 1 ground triplet. The matrix elements of the orbital angular momentum L within a T 1 subspace are proportional to those of a P term, but one should note that the excited term 4 P is also of the 4 T 1 symmetry, and is mixed by the cubic field with the 4 T 1 of the ground 4 F term. If we indicate two states of 4 F and 4 P with φ i and φ i respectively, such that they transform in the same way under the cubic group, the states of the ground 4 T 1 will be of the form aφ i + bφ i . The values of the constants a and b can be obtained [1, 11] 
Two further effects should be considered in the calculation of the isotropic g tensor. One is the second order contribution of the 4 T 2 states, that are separated by ∆ from the ground 4 T 1 states, and the other is the covalency between the Co and the neighboring O, described by several factors [1, 10] , that reduce the matrix elements of the orbital angular momentum and of the spin orbit interaction. Using a single k 0 for all these factors one obtains the expression for the g factor in a cubic field:
where λ = −180 cm −1 is the Co 2+ spin-orbit interaction. The expression given in reference [2] for ∆ is not correct, and should be calculated as the difference between the level E( 4 T 2 ) and the ground level E( 4 T 1 ). The ground E( 4 T 1 ) level is the lowest eigenvalue of the matrix −15B − 6Dq 4Dq 4Dq 0 (3) and the coefficients of the corresponding eigenvector give the a and b employed above to calculate the coefficient α of the angular momentum. The level 4 T 2 is given by
and in the present case, the choice of Dq = 905 cm −1 and B = 815 cm −1 gives E( 4 T 2 ) − E( 4 T 1 ) = ∆ = 7953 cm −1 . To adjust Eq. 2 to the experimental value it is then necessary to use k 0 = 0.86. In summary, the values for Co : MgO are a = 0.9811, b = −0.1933, α = −1.4063, ∆ = 7953 cm −1 and k 0 = 0.86. This last value seems too small, and one has to consider the dynamic Jahn-Teller effect [12, 13] to obtain a more reasonable value closer to 1.
To simplify the study we present a model that describes all the crystal fields acting on the Co as originating in the crystal field of the six nearest O located at the vertices of a deformed octahedron, obtained by displacement of the vertices of the regular octahedron introduced at the beginning of this section. If one neglects the mixing of other configurations into the ground configuration (3d) 7 , it is sufficient to keep only the part of the crystal field V that is even against inversion. We could then write V = ∑ 7 i=1 V (r i ) , where V (r) would be the sum of products of only two or four components of the electronic coordinates r. Within our model, one could then write [4] 
where the Q j and V j (r) transform like the same partners of irreducible representations of the octahedral group [6] . As the V j (r) must be even against inversion, the Q j must have the same property, an only the six Q j with j = 1, 6 discussed at the beginning of this section would appear in Eq. (5). In the following we shall not consider the identical representation A 1 because it does not modify the g tensor. The useful V j (r) are then:
and
For a point charge model [4] , the constants are given by 
where e e f f is an effective charge associated to the O. The total Hamiltonian of the Co : MgO system can be written as 
Without entering into the details of the calculation [1] we can say that the experimental g factor g = 4.278 [14] is explained by a JT coefficient V E = 2.40 10 −11 cm −1 /cm within the experimental error of 20% and a covalency factor k 0 = 0.96, much closer to one than the k 0 = 0.86 derived in the absence of JT interaction. Employing an approximate phonon distribution [1] , closer to the experimental one [15] than the single frequencies employed before [12, 13] to treat the JT interaction, it was also possible to describe the experimentally observed [16] Raman spectra of Co : MgO as the electronic Raman spectra of Co 2+ . We conclude that the JT effect is essential to understand the Co 2+ ion in a perfect octahedral symmetry. Figure 2 shows the ESR spectra of the single crystal sample measured at 4.2 K, for three selected directions of the magnetic field. The local symmetry of the nickel (II) ions is near cubic, and the Electron Spin Resonance (ESR) of impurity ions substituting Ni in the lattice is a powerful technique to analyze the environment of this ion. The ESR experiments make evident the difference between the two magnetically non-equivalent Ni sites that are present in the structure of NH 4 2 O, in the three experimental planes. The principal directions in these planes are indicated in the figure. The solid lines are the best fit to the Eq. [10] , and the fitting parameters are given in Table [I] .
III. THE Co 2+ IN A DEFORMED OCTAHEDRAL SYMMETRY
The spectra consist of two octets of resonance lines; those octets are due to the allowed transitions for ∆S z = ±1, ∆I z = 0 corresponding to the hyperfine interaction between the effective spin S = 1/2 of the cobalt and the real nuclear spin (I = 7/2) of 59 Co (100% abundant). Figure 3 shows the angular variation of the resonance field of the ESR lines in the (100), (010) and (001) planes. Both the angular variation and its symmetry clearly show two magnetically nonequivalent sites related by a C 2 operation about the c crystal axis, which is the point operation that relates the two centers. The actual spectra show eight well resolved hyperfine lines along some directions for each site; but the reduction of the hyperfine interaction causes the collapse of them in other directions (see Figure 2 ). The point group symmetry for the Ni 2+ ion (and the Co 2+ substituting them) is Cs, and the appropriate spin-Hamiltonian for S = 1/2 and I = 7/2 is therefore [9] :
where g 1 and g 2 are the gyromagnetic tensors and A 1 and A 2 the hyperfine tensors for each site. H is the applied magnetic field, and µ B is the Bohr magneton.
As a first approximation, the ESR data were used to calculate the g and A tensors by Schonland's method [17] , and the obtained parameters were used as preliminary information for the subsequent calculation.The resonant field for each transition was obtained exactly, within the machine error, by diagonalizing numerically the 16×16 matrix corresponding to each of the sites in Eq. (10), and obtaining the field self consistently. These fields were the input to a least squares fitting program, treating the g s and A s values as adjusting parameters. All the experimental data of the three planes were fed in the program, and the solid lines in Figure 3 are the best fitting of the data using Eq. (10), and Table I gives the spinHamiltonian parameters obtained by this procedure.
In this compound the Co 2+ ions are coordinated by six O in fairly regular octahedra [18] . Assuming that the position of the six oxygen nearest to the Co 2+ are the same as those of the Nickel compound [18] , and taking the average of their positions as the center of the octahedron, we choose two of the O and use them to determine an orthogonal system of axis. In the new system the x axis goes through the position of one of those two O, and the z axis is perpendicular to the plane determined by the two O and the center of the octahedron. The direction cosines of these axes with respect to the orthorhombic axis of the crystal are given in Table II . The average distance of the six O with respect to the origin of the new axes is R = 2.0531Ā, and we can define a regular octahedron with the six vertices placed along the axes at a distance ±R from the origin.
To analyze further the experimental g tensor, one could try and find crystal field values that would reproduce the measured results, and a study of this type was presented by Abragam and Pryce for the Cobalt Tutton salts [19] . To simplify the study we present a model that describes all the crystal fields acting on the Co as originating in the crystal field of the six nearest O located at the vertices of a deformed octahedron, obtained by displacement of the vertices of the regular octahedron introduced at the beginning of this section. To organize the study, we employ Eq. (5) to express the crystal field as a function of the normal coordinates Q j of the octahedron.
We shall use second order perturbation theory, using both V (r) and the Zeeman term H Z = (g e S + L).H as perturbation. The change in the g tensor is then obtained from
where µ B is the Bohr magneton and ∆ is the splitting between the Γ 6 doublet and the lowest Γ 8 quadruplet in the octahedral symmetry, given by [20] 
(12) The constants C E and C T can be obtained by calculating a single matrix element in each case:
where the {|T 1 x , |T 1 y , |T 1 z } are a basis of the ground 4 T 1 that transforms like the coordinates {x, y, z} under the octahedral group. The expression in Eq. (11) corresponds to deformations from a cubic environment, and one should then compare this formula with the experimental g tensor in the axis of the regular octahedron defined in Table II , which is given in Table IV , but it is first necessary to determine C E and C T . One obtains with Eqs. (5-8)
The averages < r 2 >= 1.251 and < r 4 >= 3.655 (atomic units) have been calculated with Hartree Fock functions [11] , but we can obtain e e f f < r 4 > from the cubic field parameter Dq employing the relation
e e e f f R
valid for the point charge model. To find e e f f < r 2 > we shall assume that < r 2 > / √ < r 4 > = 0.6544, i.e. equal to the corresponding ratio obtained from the calculated values. Taking the B and Dq of the Ni compound and using for the remaining parameters those discussed in the text, one finds C E = 6508 cm −1 /Å and C T = −3414 cm −1 /Å while for the Co : MgO values one finds C E = 6821 cm −1 /Å and The components of the experimental g tensor, referred to the octahedron axes j=x,y,z, after substraction of the isotropic tensor g=4.2387.
The difference is not critical, and we shall use the Ni values in the remaining of the discussion.
It is now possible to compare Eq. (11) with Table IV , and one immediately obtains values of the normal coordinates that would reproduce the experimental g tensor when substituted in that equation. These values are given in the second line of Table III , and it is clear that they are rather different from the values calculated from the crystallographic position of the O in the Ni compound. There are two alternative explanations for this result: either the O around the Co impurity are in different positions than in the Ni compound, or the model is not adequate. In the absence of experimental evidence to check the first alternative, we shall discuss possible modification to the model employed above. Instead of the point charge model we could use a model with dipoles, all "directed away from the central ion" [4] . This model gives the same potential of Eqs. (5-7) but with different expression for the constants A, B,C, E. Within each irreducible representations E and T 2 , the normal coordinates necessary to reproduce the g tensor would then be proportional to those obtained with the point charge model, as only the values of C E and C T would change in this model, so that both the charge and dipole models would give essentially the same results. A more complicated model, either involving the change in the direction of the dipoles, or even considering the extended charges of the ligands, would increase very much the difficulty of the calculation. We should then remain with the point charge model, but only as a means to obtain a fairly simple crystal field that would be sufficient to explain the experimental g tensor. This crystal field is the V (r) of Eq. (5) given in the axes of the regular octahedron defined in Table II with the Q j given in the second row of Table III . The agreement is perfect because there are as many free normal coordinates as δg components, but the point charge model employed should not be taken too seriously.
Although we have not analyzed the hyperfine tensor in detail, we can extract some information from its experimental value. As seen from Table I , the principal axes of the two tensors g and A do not exactly coincide, but are fairly close together. As with the g tensor, we have expressed the δA tensor in the axes of the regular octahedron discussed above, and the corresponding values are given in Table V . One can show [21] that the δA is described by an expression similar to that of the δg (cf. Eq. (11)) with the component of I taking the place of the components of H, but we have not explicitly calculated the coefficients equivalent to the C E and C T . Nevertheless, by the same method employed with the g tensor one can obtain quantities Q j proportional the Q j , and then calculate the ratio of the Q j given in the second row of Table III to the corresponding Q j obtained from the A tensor. These ratios are given in the third row of Table III , and those corresponding to Q j of the same irreducible representation should be equal if the theory were strictly true. The enormous value of the ratio corresponding to Q 3 is not significant, because the value derived from the A tensor is zero within the experimental error, and one can therefore not draw any conclusions from the pair {Q 2 , Q 3 }. On the other hand, the three ratios corresponding to {Q 4 , Q 5 , Q 6 } are fairly close to the same value, and they show that the crystal fields that result from the present treatment are fairly consistent with the available experimental results.
In the present calculation we have neglected the effect of the 4 T 2 triplet, that contributes to δg in third order perturbation (our calculation would be of the second order).This effect was calculated by Tucker [11] who obtained contributions that are about 6% of the second order contribution for the T 2 deformation and about 13% for the E deformation, and would therefore not alter substantially our conclusions.
A similar treatment of the Co 2+ in sites with deformed octahedral symmetry of Co 2 (OH)PO 4 or Co 2 (OH)AsO 4 has been considered in [3] , but it is less interesting because only the powder samples of these compounds have been measured. The treatment of this problem shall not be further discussed in the present work.
We conclude that employing the normal modes of the seven ion complex to adjust the values of the g-factor tensor, it is possible to estimate the crystal fields of the whole crystal acting on the Co 2+ impurity ion.
IV. THE Co 2+ IN A DEFORMED TRIGONAL BIPYRAMID
In this section we shall study two members of the adamite family, which takes its name from the natural compound [22, 23] Zn 2 (OH)AsO 4 . The cations can occupy two sites with rather different environments in this compound, one being octahedral and the other penta-coordinated, so that rather dif-ferent magnetic properties could be expected when magnetic cations are employed. The recently synthesized compounds Zn 2 (OH)PO 4 [24] , Co 2 (OH)PO 4 [24] , Mg 2 (OH)AsO 4 [25, 26] , as well as the natural Co 2 (OH)AsO 4 [27] , present these two type of sites. We have then found interesting to study the properties of the Co 2+ ions as impurities in the two nonmagnetic compounds, as a first step in the understanding of the properties of the concentrated compounds.
To analyze the ESR measurements it is necessary to have information about the splitting of the energy levels with both the crystal field and the electronic Coulomb repulsion, and we obtained this information from optical diffuse reflectance measurements [28] .
The experimental ESR powder spectra of Co 2+ impurities in both Zn 2 (OH)PO 4 and Mg 2 (OH)AsO 4 present two different sets of lines, one very intense, and the other just observable. The average of the g factors of the intense spectra is 4.15 in the two compounds, a value close to the 4.33 expected for Co 2+ in moderately distorted octahedral symmetry [29] , and it seems reasonable to assign these spectra to that environment and apply the same approach employed in the previous section in the study of the ESR of Co 2+ in NH 4 NiPO 4 .6H 2 O (see also [2] ). The remaining lines are very weak and we assign them to the penta-coordinated symmetry (the possible reason for their small intensity has been discussed in [3] ).
Here we shall only briefly consider the deformed octahedral symmetry, and give more details of the theory describing the ESR of Co 2+ in the penta-coordinated environment, that was partially discussed in [3] . This last complex is a distorted trigonal bipyramid, and we first calculated the crystal fields of the perfect trigonal bipyramid following the existing literature [30, 31] . To analyze the distorted complex we derived the normal modes of the trigonal bipyramid with respect to the reference complex, and then obtained the Jahn-Teller contributions [7, 8] to the crystal field acting on the Co 2+ , that is generated by these modes.
In this calculation we have introduced a procedure that uniquely defines the orientation and size of the two reference complexes, so that the normal modes that describe their deformation are free from irrelevant rotations and expansions.
These results were then employed to analise the theoretical ESR spectra. We found that for the system parameters obtained from the optical spectra we should expect that the ground doublet be M J = ±1/2, corresponding to an allowed spectrum. The rather small intensity, of this type of spectra seems to indicate a preference of Co 2+ for the octahedral sites in the crystal structure, a conjecture that was advanced in a preliminary report [32] on the ESR of impurities of this ion in Mg 2 (OH)AsO 4 , and was confirmed in [3] . Employing a molecular calculation we have verified in the last reference that the formation energies of the two type of complexes, with both Co and Zn as the central ions, are compatible with this hypothesis. A. Optical studies.
The necessary optical data was obtained from diffuse reflectance experiments in the 5000 -50000 cm −1 wavenumber region [3, 28, 33] . The whole of the optical data used in this work was recorded at room temperatures, and all the relevant data that was necessary in the present work is in the tables VI and VII. The system parameters of the octahedral complexes are slightly different from those already published [28, 33] , because they were obtained from the optical spectra after including a spin orbit correction in the ground orbital level [34] .
B. Electron Spin Resonance (ESR).
The measurement of the ESR of Co 2+ impurities in both Zn 2 (OH)PO 4 and Mg 2 (OH)AsO 4 has been discussed in [3] , and some of the measured ESR spectra for the two samples are reproduced in Figs. 4 and 5. Only powder spectra could be measured for the two systems because it was not possible to obtain single crystals, and small concentrations of Co (1% in the arsenate and 0.1% in the phosphate) substitute the metals in the two lattices. 
C. Hexa-coordinated Co
We shall briefly discuss the hexa-coordinated Co 2+ ions in Zn 2 (OH)PO 4 and Mg 2 (OH)AsO 4 following the same treatment employed in Section III. The Co 2+ is surrounded by six oxygens in a fairly regular octahedron with positions given in table IX, and only powder spectra were available. The three principal values g i of the g tensor could be measured, but without all the details obtained for the NH 4 NiPO 4 .6H 2 O compound (see table VIII).
As before we shall consider the effect that the crystal field generated by the normal modes of the octahedron has on the columns a,b,c give the position of the six oxygens (n=1,...,6) and Cobalt (n=7) in the hexa-coordinated complexes of Co 2 (OH)PO 4 and Co 2 (OH)AsO 4 with respect to the three unit cell axes.The X,Y,Z axes roughly correspond to n=1,2,3 respectively, taking n=7 as the origin. AsO 4 , and to analise these results it is sufficient to consider the Co 2+ in pure octahedral symmetry, because the crystal fields of lower symmetry do not change this value in our approximation. The calculation follows the same lines given in reference [2] and shall not be repeated here.
The values of the constants a and b that give the mixture of the ground 4 F with the lowest 4 P can be obtained as before from the Racah parameter B and the crystal field parameter D q , that were estimated [34] from the spectroscopic 
and the proportionality constant of the angular momentum is then
As discussed in Section III we use Eq. (11) to relate the change δg in the g tensor with the normal modes Q j of the complex of Co 2+ with the six neighboring O, employing ∆ = 283 cm −1 as the splitting between the Γ 6 doublet and the lowest Γ 8 quadruplet in the octahedral symmetry in the P compound.
The values of C E and C T are obtained by the same procedure employed in Section III. For the Co-O distance R we used R = 2.11176Å, corresponding to the reference octahedron defined below, and we found the values C E = 6436 cm −1 /Å and C T = −3666 cm −1 /Å. We can now calculate the crystal fields that would describe the experimental values of g or, what is equivalent, the corresponding normal modes within the approximations just discussed. As there are more normal modes than data, we fix the relations Q 4 = Q 3 = 0.3044Q 6 , which correspond to the normal modes calculated below from the crystallographic positions, and we obtain a perfect fit to the experimental values employing the normal modes given table X.
From table VI we obtain the coefficients a = −0.9824, b = 0.1867, and α = −1.4128 for Co 2 (OH)AsO 4 . The ESR data was then adjusted with the normal modes coordinates given in table X, where we used R = 2.1224Å, Q 4 = Q 3 = 0.4037Q 6 , C E = 6287 cm −1 /Å, C T = −3558 cm −1 /Å and ∆ = 282 cm −1 , for this compound.
To calculate the crystallographic normal modes of the octahedron it is necessary to chose a reference perfect octahedron centered in the Co 2+ . To this purpose we consider the three normal modes of pure rotation, [4] Q 19 , Q 20 , and Q 21 , and we chose the axes of the reference octahedron so that these three normal coordinates are zero, because they should not have any effect on the properties of the complex. The value R = 2.11176Å of the Co-O distance in the reference octahedron was chosen so that Q 1 = 0, and by this whole procedure we obtain a unique reference octahedron and minimize the effect of irrelevant rotations and expansions on the values of the normal modes. The direction cosines of the three Co-O directions in the reference octahedron are given in table XI, and the normal modes derived from the crystallographic ionic positions given in table IX are shown in the third line of table X. The normal modes calculated from the crystallographic position of the O in the octahedral complex are different than those obtained from the experimental g tensor, given in the first line of the same table. This result indicates that although the nearest O to the Co are the main source of the cubic field [4] , the remaining non-cubic perturbations have strong contributions due to the rest of the crystal. We conclude that the experimental g tensor could be explained by the crystal field V (r) of Eq. (11) given in the axes of the reference octahedron defined in table XI with the Q j given in the row a) of table X. The agreement is perfect because there are more free normal coordinates than available δg components, but the theory presented can only be considered a first approximation. In particular, although the crystal field theory of point charges gives the right symmetry properties, it is only a very rough description of the physics of the problem, but the crystal field V (r) obtained give a much better description of the system than the model employed.
Although we have not analyzed the hyperfine tensor in detail, we have verified that its components are compatible with the normal modes necessary to describe the δg tensor.
In the present calculation we have neglected the effect of the 4 T 2 triplet, that contributes to δg in third order perturbation (our calculation is of the second order). This effect was calculated by Tucker [11] who obtained contributions that are about 6% of the second order contribution for the T 2 deformation and about 13% for the E deformation, and would therefore not alter substantially our conclusions.
D. Penta-coordinated Co

The crystal field of the trigonal bipyramid.
The structure of the penta-coordinated complex of Co 2+ is very close to a trigonal bipyramid, and the positions of the Co and of the five O are given with respect to the crystal axes in table XII. Following a method similar to that employed in the octahedral case we chose an orthogonal system of axes X,Y,Z, such that the normal modes obtained from the crystallographic positions would not have contributions of irrelevant rotations and expansions. The direction cosines of the axes of this system with respect to the crystal axes a, b and c are given in 
where we shall use q a = q c = −2e. The crystal field potential V c f can be expressed by the usual formula
where Y kq (θ , ϕ ) are the spherical harmonics at the position of the -th ligand and the C (k) q (θ, ϕ) = 4π/(2k + 1)Y kq (θ, ϕ) are usually called the Racah's rationalized spherical harmonics. In our actual calculation we have employed the real combinations C lm (θ, ϕ) and S lm (θ, ϕ) that are proportional The Hamiltonian without spin orbit interaction is diagonal in the partners γ of each irreducible representation Γ and in the spin component M S , so it is not necessary to write them explicitly here. The only C (k) q (θ, ϕ) that contribute to Eq. (20) in the perfect trigonal bipyramid have k = 0, 2, 4 and q = 0. To calculate the matrix elements of the Hamiltonian that contains V CF = ∑ i=1,7 V c f (r i ), we have used the standard tensorial operator techniques [37] as well as the unitary operators obtained form Nielsen and Koster's tables [37, 38] , and we have verified that our matrix coincides with that given in table II or reference 30.
Our main objective here is to find the gyromagnetic factors that one would expect to measure in the penta-coordinated Co 2+ , and we shall employ the spectroscopic data measured by diffuse reflectance to estimate the parameters B, D s and D t for both Co:Zn 2 (OH)PO 4 and Co:Mg 2 (OH)AsO 4 . In the two rows labelled a) of table VII we give the corresponding assignments of the transitions from the ground 4 A 2 to the levels with symmetry 4 A 1 , 4 A 2 , 4 E , 4 E , 4 A 2 (P) and 4 E (P), where we use (P) to indicate the higher levels of the same symmetry.
From the eigenvalues of the Hamiltonian in the absence of the spin-orbit interaction, we find by trial and error the values The best fit to the five transitions is given in row b), and the best fit to the three highest transitions in row c). The spin orbit parameter ζ = 580 cm −1 was used in all these fittings of B, D s and D t that minimize the mean square deviation χ for the two systems, and we give them in row b) of table XV. The transitions calculated with these two sets of values are given in the two rows of table VII that are labelled b). The fitting is rather poor, and in particular the transitions to the levels 4 A 1 , 4 A 2 and 4 E fall below the range of the measuring equipment. As an alternative we have fitted only the three highest transitions, obtaining the values given in row c) of table XV, and the corresponding values calculated with these two sets of parameters are given in the two rows of table VII that are labelled c). In the following section we shall consider these two sets of values to estimate the gyromagnetic factors for each of the two compounds.
The spin-orbit interaction in the trigonal bipyramid.
It is now essential to include the spin orbit interaction into the calculation. The basis of the irreducible representations Γ 7 , Γ 8 and Γ 9 , of the double group D * 3h have a simple expression in our system (cf. reference [31] ): they are given by d 7 αSLJM J , and in particular we have
. These states are easily obtained from the d 7 , α, S, M S , L, M L calculated above by employing the 3-j or the Clebsch Gordan coefficients. In the absence of magnetic fields the two states of each Kramer's doublet have the same energy, and to calculate the energies of the system it is enough to consider only the states with positive M J . As only the mixture of the 4 F and 4 P states is important in our problem we shall consider only that subspace, and the corresponding matrix of the total Hamiltonian splits into five boxes of the following dimensions: values that were obtained above, employing the one-electron spin-orbit parameter ζ = 580 cm −1 . For all the set of parameters in table XV the lowest doublet is a Γ 7 (a) (M J = ±1/2), separated by at least 75 cm −1 from the following Γ 9 (a) (M J = 3/2) doublet, and by more than 2377 cm −1 from the remaining doublets. This situation is not altered by making fairly large changes in the three basic parameters B, D s and D t , and shows that even for moderate increases in the temperature only the lowest doublet (M J = ±1/2) would be occupied. This doublet has allowed ESR transitions, and should be observed within the approximation employed. If the position of the two lowest doublets were exchanged, the ESR transitions of the lowest doublet would be forbidden and the spectra should not be then observed.
The fact that the two lowest doublets have M J = ±1/2 and M J = ±3/2 and are separated by a large energy from the remaining doublets is easily understood when we notice that the lowest level in the absence of spin-orbit interaction is 4 A 2 . The orbital part A 2 is a singlet with no orbital angular momentum, and the total J would then correspond to the S = 3/2. These four states would be rather far apart from the remaining ones, and would split in the way calculated above through the higher order spin orbit mixing with those excited states.
The present calculation was for a perfect trigonal bipyramid with D 3h symmetry, and one wonders whether the deformations with respect to this structure could alter the relative position of the two lowest doublets, thus changing from an allowed to a forbidden ESR transition. We shall then study the effect of these deformations, both on the relative position of the two lowest doublets and on the value of the gyromagnetic tensor. In this study we shall follow a treatment similar to that employed in the octahedral case, by considering the effect of the normal modes of the trigonal bipyramid on the Hamiltonian of the penta-coordinated Co 2+ .
The normal modes of the trigonal bipyramid
As in the octahedral case we are interested in a contribution to the Hamiltonian of the same type of Eq. (5), but here the normal modes Q j and V j (r) transform like the same partners of irreducible representations of the trigonal bipyramid. As the undistorted complex does not have a center of symmetry, both the even an odd modes against reflection in the equatorial plane may have non-zero matrix elements inside the configuration d 7 of Co 2+ , and therefore we shall need to consider both types of normal modes in our discussion.
The departures of the six atoms of the complex span a re- The six even (1-6) and four odd (7-10) normal modes E that are relevant to our problem. The numbers are the coefficients of the departures u j = {x j , y j , z j } of the j=th ion from their equilibrium position.
ducible representation Γ of the D 3h group, that can be reduced as follows: Γ = 2A 1 + A 2 + 4E + 3A 2 + 2E (see e.g. the Eq. (9.19) in reference [39] ). Of these irreducible representations, the A 2 corresponds to an axial rotation, one E to two equatorial rotations, one A 2 to an axial translation and one E to two equatorial translations. After eliminating these three translations and rotations we are left with three even irreducible representations E , as well as two A 2 and one E odd representations. The six even normal modes (Q 1 , ..., Q 6 ) transform in pairs like the partners of E ; they have been obtained employing standard techniques [39, 40] and are defined in table XVI. In the same way the two modes A 2 (Q 7 , Q 8 ) and the two partners of E ((Q 9 , Q 10 ) have been obtained, and are defined in the same table.
The modes Q 3 , Q 4 , and Q 8 are translations of only the two axial oxygens, and the Q 5 , Q 6 , and Q 7 are translations of only the three equatorial oxygens while Q 9 and Q 10 are rotations along the x and y axis of the two axial oxygens. As these modes are only partial rotations or translations they are capable of changing the crystal field. The x and y rotations of the three equatorial oxygens can be combined with Q 9 and Q 10 to give full rotations of the trigonal bipyramid, and the z rotation of the three equatorial oxygens is already a full rotation, so these three sets of displacements would not appear in our calculation.
From tables XII, XIII, and XIV we can calculate the displacements u j of the five O with respect to their positions in the reference trigonal bipyramid (cf. section IV D 1) and calculate the corresponding normal modes Q j defined in table XVI. Employing these Q j we calculate in the next two sections the g values of the distorted complex.
The effect of the normal modes on the crystal field
We can now try and find an expression similar to Eq. (5) for the trigonal bipyramid. To this purpose we have employed a relation equivalent to Eq. (20) to calculate, for each of the ten normal modes Q j given in table XVI, the change in the crystal field V c f (r) when all the ligands are displaced from their equilibrium position in the reference complex by a small 
Only the elements corresponding to the upper triangle of the matrix are given, and the remaining ones are obtained by Hermitian conjugation. The matrix is independent of, and diagonal in, the spin components M S . To compress the table we have used the following abbreviations:
, (even modes) and Q d = iQ 7 , Q e = (iQ 9 + Q 10 ) (odd modes), as well as their com- fraction ε of that particular normal mode Q j . Expanding this change of V c f (r) in a power series of the coefficient ε and taking the linear terms in ε gives the corresponding V j (r) from Eq. (5). As we are only interested in the subspace { 4 F, 4 P} with S = 3/2 of the configuration d 7 , and the V j (r) are independent of the spin component M S , we need a 10x10 matrix 4 
There are regularities between the matrix elements associated to different Q j , and we shall employ the following abbreviations: 7 , and Q e = 9(Q 10 + iQ 9 ), as well as their complex
In tables XVII and XVIII we give the non-zero matrix elements in the upper triangle of the submatrices 4 F x 4 F and 4 P x 4 P respectively, and in table XIX we give all those associated with 4 non-zero elements are obtained by Hermitian conjugation. It is interesting to note that the matrix elements associated to Q 3 , Q 4 , and Q 8 are all zero: these modes involve only the two axial ions, and the corresponding two atom partial complex is not only invariant against the operations of D 3h , but also against a twofold axis along the z direction. This extra symmetry forces all the one-electron matrix elements between d states of the crystal field associated to Q 3 , Q 4 , and Q 8 to be zero. As in the crystal field of the reference complex, the V CF has coefficients containing the Co-O distances R a and R c , as well as the atomic averages r 2 and r 4 , and they appear as c 2 and c 4 in the tables XVII, XVIII and XIX. As the R a and R c are nearly the same, it is possible from Eq. (19) to relate the crystal field parameters D s and D t to these two coefficients. Assuming that R a = R c we obtain c 2 = 14 D s and c 4 = (168/25)D t , but we have derived slightly better relations considering the difference between R a and R c :
As with the reference complex, we employ the 3-j coefficients to calculate the matrix elements of the crystal field V CF in the representation that diagonalizes the total J and J z , because the doublets d 7 αSLJM J are basis for the irreducible representations of the reference trigonal bipyramid, and the eigenstates of the reference complex would then belong to subspaces with fixed M J . In section IV D 2 we have shown that, with the two sets of parameters B, D s and D t obtained in that section, the two lowest doublets belong to the M J = 1/2 and M J = 3/2 subspaces and that they are separated by more than 75 cm −1 , while the remaining doublets are more than 2300 cm −1 above them. A good approximation to calculate the effect of V CF on these levels is then to consider the total Hamiltonian inside the two subspaces M J = 1/2, 3/2, and one has then to consider a matrix of 26 x 26 elements, corresponding to values of J equal to 9/2, ..., 1/2. The eigenstates of this matrix show that there is no change in the relative position of the two lowest doublets, so that the ground state remains M J = 1/2.
The g-factors of the penta-coordinated Co
To calculate the spin Hamiltonian we employ the traditional method [41] . In the present case we consider the four states of the two lowest doublets of the reference trigonal bipyramid calculated in section IV D 2 as the eigenstates of the unperturbed Hamiltonian, with M J = 1/2 as the ground doublet and M J = 3/2 as the excited one. Both the Zeeman term and the crystal field V CF produced by the deformation of the normal modes are the perturbations, and in the usual way we find the gyromagnetic tensor g in second order. We have calculated the three components of g for the penta-coordinated Co 2+ for all the sets of B, D s and D t given in table XV, and the results are given in table XX. The values corresponding to the reference trigonal bipyramid are given in the rows b 0 and c 0 , while those given in the rows b j and c j (with j = 1, 2 for the phosphate and j = 1, 2, 3 for the arsenate) have been calculated employing the normal modes Q j derived from the crystallographic positions (cf. 3 and c 3 in arsenate with rows b 1 and c 1 ) the average g is not altered by the lower symmetry crystal fields generated by the remaining normal modes, and these fields affect the equatorial components of g, but leave their sum and the axial component unaffected.
• Only the axial g-factor is altered by the inclusion of the odd modes, while the two equatorial g-factors are not altered (compare rows b 1 with b 2 and c 1 with c 2 ). This result is true both with Q 1 = Q 5 = 0 (in the phosphate) or otherwise (in the arsenate).
• The fields associated to the modes Q 1 and Q 5 change the sum of the two equatorial g-factors but leave the axial value unaffected (compare rows b 2 with b 3 and c 2 with c 3 in the arsenate).
From the calculations in the present section, it follows that one should observe an allowed ESR line of Co 2+ from the penta-coordinated complex when that site is occupied. We have seen in Section IV B that besides the lines associated to the octahedral spectra, there are some weak extra lines that could be interpreted as belonging to that complex: their estimated g-factors are given in rows b) of table VIII, and should be compared with the values given in table XX, that were calculated for different sets of parameters derived from the optical spectra and with normal modes calculated from the crystallographic positions. It is clear that the arsenate values in row c 3 of table XX are fairly close to the estimated values in row b from table VIII. It is well known that the g(i) obtained from the crystallographically calculated normal modes are generally different from those experimentally observed, as discussed for the octahedral compounds (cf. section IV C ), and we could expect that a good fitting could be obtained by making small changes in the crystallographic normal modes. To verify this assumption it is sufficient to change only Q 2 and Q 6 , keeping all the remaining modes at their crystallographic values. Employing Q 2 /R a = −0.03 and Q 6 /R a = −0.07 for the phosphate we find g(1) = 7.05, g(2) = 3.03, and g(3) = 2.12, while for the arsenate we obtain g(1) = 7.62, g(2) = 3.04, and g(3) = 1.99 with Q 2 /R a = 0.01 and Q 6 /R a = −0.07. These fittings are fairly good, and show that the ESR spectra of Co 2+ in the two compounds can be described perfectly well within our theory, but the crystal fields obtained can not be taken too seriously because of the very large errors in the experimental g tensor.
We notice that the relative intensities of the extra lines in Fig. 4 are rather smaller than those in Fig. 5 . This can be understood because the concentration of Co 2+ in the arsenate is ten times larger than in the phosphate, and this should also alter their relative occupations.
The rather small intensity of the lines that could be attributed to the penta-coordinated complex indicates a very small occupation of Co 2+ in the penta-coordinated sites. This conjecture has been verified [3] , from the heat of formation of these compounds, estimated by a molecular orbital calculation of the heats of formation of the clusters [M(OP(OH) 3 ) n ] 2+ , n = 5,6 and M = Co and Zn.
V. CONCLUSIONS
We have discussed the ESR of the ion [3] .
The Co 2+ in a MgO crystal is in an octahedral symmetry, and we discuss why it retains its cubic symmetry although it would be naively expected to suffer a static Jahn-Teller deformation, because the ground term 4 F has a rather large orbital degeneracy. We then briefly discuss the origin of this effect, and point out how the Jahn-Teller crystal fields affect the properties of the system, like the ESR and the electronic Raman scattering from Co 2+ . When Co 2+ substitutes Ni 2+ in single crystals of NH 4 NiPO 4 .6H 2 O its nearest O form a deformed octahedron, and we study the effect of the non-cubic crystal fields employing the normal modes of the octahedron to simplify the systematic study of the effect of these fields.
There are two type of sites of Co 2+ in the compounds Co 2 (OH)PO 4 and Co 2 (OH)AsO 4 of the adamite type: a deformed octahedron and a deformed trigonal bipyramid, and we have analyzed the ESR of impurities of Co 2+ in synthetic crystals of Zn 2 (OH)PO 4 , Mg 2 (OH)AsO 4 in powder form. Crystal field theory has been employed to try and understand the experimental ESR results for the two Co 2+ complexes with coordination five and six that are present in the adamite structure. The Racah parameter B as well as the crystal fields D q for the octahedral complex and both D s and D t for the trigonal bipyramid one have been estimated from the assignments that were made of the diffuse reflectance spectrum of these two complexes. Two alternative sets of parameters were proposed for the penta-coordinated complex.
From the crystallographic structure, a reference octahedron centered in the Co 2+ was defined, such that the normal modes of the complex corresponding to rotations and expansions would be zero and the remaining normal modes would not have any contribution of these irrelevant deformations, and following the same method employed to study the ESR of Co 2+ in NH 4 NiPO 4 .6H 2 O, the crystal fields that would reproduce the experimental g tensor of the octahedral complex in both Zn 2 (OH)PO 4 and Mg 2 (OH)AsO 4 have been obtained..
As the penta-coordinated complex seems to have at most minor contributions to the ESR spectra, we have analyzed the possible motives for this behavior. We argue that two doublets with M J = ±1/2 and M J = ±3/2 would be lowest in energy, separated by a rather large excitation energy from the remaining excited states. The M J = ±3/2 has forbidden ESR transitions, and this would explain the experimental results if that were the ground doublet, but when the crystal field of the trigonal bipyramid is considered together with the spinorbit interaction, it was found that the M J = ±1/2 doublet, with allowed ESR transitions, is the lowest. To verify whether this result would be altered by the deformations of the trigonal bipyramid, we considered their effects in a way similar to that employed in the octahedral case to calculate the g tensor. First it was necessary to derive the normal modes of the trigonal bipyramid that are relevant to our problem, and they are given in table XVI. The corresponding Jahn-Teller contributions V CF to the crystal field, whose non-zero matrix elements 4 
for L, L = 3, 1, are given in tables XVII, XIX and XVIII. Defining a reference perfect trigonal bipyramid by the same method employed in the octahedral case, the values of the relevant normal modes were obtained by employing the crystallographic positions, and subsequently used to calculate their effect on the relative position of the two lowest doublets. No appreciable change was found, and as an alternative explanation we assumed that the pentacoordinated complex is scarcely occupied in the dilute system. This conclusion is compatible with the calculation of the heat of formation of the octahedral and the trigonal bipyramid complexes with both Co and Zn as the central ions, calculated in reference [3] .
Employing the Jahn-Teller crystal fields together with the normal modes calculated from the crystallographic distortions, it was possible to calculate the g tensor, shown in table XX for both the perfect and deformed trigonal bipyramid, this last subjected to different deformations. The trace of the g tensor in the perfect trigonal bipyramid changes more with the parameters B,D s and D t than in the octahedral case, where it is always fairly close to 13.
The trigonal bipyramid has no center of symmetry, and it was necessary to consider all the normal modes, even those that are odd against reflection in the horizontal symmetry plane. We have shown that these last modes affect the axial component of g but that they have little or no effect on the two equatorial components. The experimental g-tensor of the penta-coordinated complex could be measured but with rather large errors. As in the octahedral case, the crystallographically determined normal modes could not explain the observed values, but for the two type of complexes it was possible to find values of the normal modes that would generate crystal fields that describe the experimental ESR spectra for both the phosphate and arsenate compounds.
We conclude that both our theoretical analysis of the ESR of the systems studied, as well as the molecular orbital calculation of the formation energies, coincide in assigning a rather small relative occupation of the penta-coordinated sites with respect to the octahedral ones in those systems. The experimental spectra of both the octahedral and penta-coordinated complexes can be understood by considering the effect of the crystal fields generated by the corresponding normal modes on the g tensor.
